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LINEAR VECTOR SPACES:
BASIC CONCEPTS

1 INTRODUCTION
1.1 Motivation for Study

Linear vector space concepts provide the necessary general mathematical structure:

o for unified treatment of all types of linear problems and their associated equations (algebraic,
ordinary differential, partial differential, integral, integrodifferential, functional, etc.),

e for studying general properties of nonlinear problems and their associated equations, and

e for formally deriving approzimations to problems/equations.

1.2 Spaces: A Preview

1. Linear vector space: a set of generalized “vectors” (such as functions and other transformations)
that obey certain (addition and multiplication) rules; it is defined over a field of numbers (scalars)
such as the real or complex numbers.

2. Metric space: a set of “points” with a distance function defined.

3. Normed space: a linear vector space with a distance (norm).

4. FEuclidean space: a linear vector space with an inner product. (Complex Euclidean spaces - i.e.
defined over the complex numbers field - are also called unitary spaces).

5. Banach space: a complete (i.e. with “nice” convergence properties) normed space.

6. Hilbert space: a Banach space with an inner product.

2 SOME PRELIMINARY CONCEPTS
FROM REAL AND COMPLEX ANALYSIS

2.1 Fields

A field F is a set of scalars (numbers) such that for o, 3,7 € F
(I). a+pBeF

M. aperF

and the following properties of addition and multiplication hold:
1. a+ =0+ a,af = fa (commutativity)

2 (a+B)+7=a+(B+7), (aB)y=a() (associativity)

3. a(B8+7v) = af + ay (distributivity)
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4. 0and J1: a4+ 0=qa, al =«
5 d—a: —a+a=0
6. fora#03L: (L)a=1

[e3

Examples
1. the real numbers
2. the complex numbers
3. [0,1]

4. the rational numbers

Non-Examples
1. the integers

2. the irrational numbers

2.2 Metric Spaces
2.2.1 Definition

A metric space is a set with a distance function, i.e.

M = {u,v,...} is a metric space if 3 real distance function d(u,v)
(1) d(u,v) > 0[=0 & u = v

(ii) d(u,v) = d(v,u)

(i) d(u,v) < d(u,w) + d(w,v)

2.2.2 Convergence

1. up —wasn—ooif d(up,u) — 0asn— oco(u,u, € M)
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tVYu,v,w € M
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2. A sequence {u,}{° in M is a Cauchy sequence if lim,, ,— oo d(Um,un) = 0, i.e. Ve > 0 Im, :

AU, up) < € Ym,n > m.
3. M is complete if every Cauchy sequence in M has a limit in M

2.3 Topology
Let S be a subset of M.

S is open if if every point in S is an interior point

S is closed if S = S or, equivalently, if M \ S is open

P NSO

M is separable if it contains a countable dense set

up € S is an interior point if 36 > 0: uw € SV{u € M : d(u, ug) < 0}
uog € M is an accumulation point of S if there is a sequence {uy, }, u, € S, un # up : limy Uy, = g

The closure S of S is the union of S and all its accumulation points

S is compact if every sequence in S contains a subsequence that converges in .S
S is dense in M if every point of M is the limit of some sequence in .S
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3 LINEAR VECTOR SPACES
AND THEIR PROPERTIES

3.1 Vector Spaces

A linear vector space V over or with respect to the field F is a set of elements (vectors) such that
forall x,y € Vand o, € F

(D). IZzeV: x+y=z

(II). JzeV: ax=1z

and the following properties of vector addition and scalar multiplication hold for all x,y,z € V and
a,BeF:

1. x +y =y + x (commutativity)

2. (x4+y)+z=x+(y+12z), afx)=(af)x (associativity)
3. a(x+y)=ax+ay, (a+p)x=ax+ px (distributivity)
4. Jaunique0€V: x+0=x
5. J a unique —x: —x+x=0
6. 1x=x, 0x=0, a0=0
Examples

1. R, C

2. R™ (real vectors)

the set of square 2 x 2 matrices

L

the set of real-valued functions f(¢) defined and continuous in [0, 1]
5. the set of real-valued functions defined and twice continuously differentiable in [0, 1] that satisfy
the o.d.e. f'(t) +£(t) =0
Non-Examples

1. the set of real-valued functions defined and twice continuously differentiable in [0, 1] that satisfy
the o.d.e. f'(¢) +£(t) =1

2. the set of all polynomials of second degree with real coefficients

3.2 Subspaces

A nonempty subset S of V is a linear space itself if
l.x,yefl=x=yeS§
2.xeS,ae F—-axes$

Examples

1. V the set of real-valued functions f(t) defined and continuous in [0, 1]; S the set of all polyno-
mials of degree < n

2. V the set of real-valued functions defined and twice continuously differentiable in [0, 1] that
satisfy the o.d.e. £”(¢) + f(t) = 0; S the set of all functions of the form f(¢) = asin(t)
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3.3 Linear Combinations and Independence

1. y is a linear combination of x1,Xs,...,X, if y = a1xX1 + aoXs + ... + an X,
2. {y:y =a1x1 + asXa + ... + apX,} is called the linear hull of (x1,x%s2,...,X,)
3. X1,X3,...,X, are

e (i) linearly independent if a3x; + aoxs + ... + apXx, = 0= «; = 0,Vi
e (ii) linearly dependent if there exist oy, as, ..., ay, not all zero, such that
a1X1 + asXs + ... + apx, = 0 (& some x; is a linear combination of the others.)
3.4 Basis and Dimension

V1i,Va,...,V, is a basis of V and V is n-dimensional if
1. vi,vo,...,Vv, are linearly independent
2. every x € V can be written uniquely as x = x1vy + xovo + ... + 2V,

Examples
1. R is an 1-dimensional l.v.s.
2. R™ (real vectors) is an n-dimensional 1.v.s.
3. the set of square 2 x 2 matrices is a 4-dimensional 1.v.s.
4. the set of all polynomials with real coefficients of degree < n is an (n+1)-dimensional lL.v.s.

5. the set of real-valued functions f(¢) defined and continuous in [0,1] is an infinite-dimensional
Lv.s.

6. the set of real-valued functions defined and twice continuously differentiable in [0, 1] that satisfy

the o.d.e. £’(t) + £(¢t) = 0 is a 2-dimensional l.v.s.

3.5 Inner Products and Norms
3.5.1 Inner Product

An inner or scalar product (x -y) [other common notations are (x,y), < x,y >, (X|y), etc.] in V is
a function V x ¥V — R such that Vx,y,z€V, o, € R :

e () (x-y)=(y x)
o (ii) (x-(ay +f2z)) =a(x-y)+8(x2)
e (iii) (x-x) >0 (=0<x=0)

3.5.2 Length (or Norm)

The inner product can be used to define lengths of vectors (norms); e.g. for F =R

[ x[l=v/(x-x), then [[ax [|=| a ||| x|
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3.5.3 Angle of Two Vectors
The angle 6 between x,y # 0 is defined through

(x-y)

cosf = —————
[E3llngl

3.5.4 The Cauchy-Schwartz and Triangle Inequalities

I y) Il =yl

[x+y <<+ ]yl

If cos @ = 0 then
Ix+y [P=I=*+ 1yl

(The generalized Pythagorean theorem)

3.5.5 Definition of a Euclidean Space
A linear vector space £ (finite or infinite dimensional: denoted by &, and £, respectively) with an
inner product.

3.6 Orthonormal Bases and Orthonormalization

3.6.1 Orthogonality
1. x,y € & are orthogonal when (x-y) =0
2. If M is a subspace of £ then
Mt ={ye€: (x-y)=0,¥x € M}
is called the orthogonal complement of M.
3.6.2 Orthonormal (ON) Basis: Definition and Properties
1. A basis e, es,...,e, of &, is called orthonormal if
(e; - €;) = dij

where d;; is the Kronecker Delta:

_JL i=y
b = {o i#]
2. If the basis e, es, ..., e, of &, is orthonormal and

n n
X = TpEr, Y=Y Ukek
k=1 k=1
then
o (i) wp = (x-ex)
.. 2
o (if) | x [I” = >4 =i,

o (if) (x-y) = 2h—y Trvs
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3.6.3 Orthogonal Projection

1. For x € &,,, M subspace of &,:
x’ is the orthogonal projection of x on M if x = x' = x” with x’ ¢ M
2. If e1,es,...,e,, is an ON-basis of M then the projection x’ of x on M is given by

m

-3 (o)

k=1
Note: x’ is the “best approximation” to x that one has if “confined” in M: indeed || x—y ||,y € M
is minimized for y = x’

3.6.4 Gram-Schmidt Orthonormalization

Given: a basis vi,va,...,v, of &,
Sought: ON-basis e, es,...,e, of &,
Construction: The Gram-schmidt process

STEP 1. 1
€] = ——mV1
[ v
STEP 2. 1
fo =vo— ((V2 'el)) e;, e=-——»>5
I £ |
STEP k
1
fk =V — ((Vk -el)) e —...— ((Vk -ek_l)) €er_1, €y = mfk

Examples - Exercises

1. the Legendre polynomials provide an orthonormal bablb for the l.v.s. of polynomials of degree
< n defined on [0, 1] with inner product (p - q) fo

2. ﬁnd an orthonormal basis for the set of all functions defined on [0,1] with inner product
fo t) dt, that have the general form f(t) = >.}_, ax cos(kt) + > _, By sin(kt)
(for arbltrary ch01ce of the real scalars «, (3)

4 PROBLEMS FOR THE MATERIAL OF LECTURE UNIT 1

Work through the examples listed in the outline.



